We work out the truncation from maximal to half-maximal supergravity in four dimensions. In particular, we determine the explicit constraints on the embedding tensors of both theories. These tensors specify the complete theories, including gauge groups and scalar potentials. Firstly, we find the linear constraint on N = 8 theories to allow for a truncation to N = 4. Secondly, we determine the additional N = 4 quadratic constraints following from N = 8.
Motivation: a string / supergravity puzzle Extended supergravity (N ≥ 2) arises as the low energy effective action when dimensionally reducing string theory down to four space-time dimensions while preserving multiple supersymmetries. For instance, maximal supergravity (N = 8) comes out from type II string compactifications when the internal space is taken to be a six dimensional torus whereas half-maximal supergravity (N = 4) results as orientifolds thereof. On the string side, the orientifold creates O-planes and eventually also D-branes may be required in order to obtain a consistent compactification. This is normally the case when certain background fluxes are additionally turned on threading the internal geometry and then flux-induced tadpoles for the gauge fields in the R-R sector of the string spectrum have to be cancelled. On the supergravity side, these type II orientifold compactifications including O-planes, D-branes and background fluxes correspond to half-maximal gauged supergravities, i.e. deformed supergravity theories in which a certain subgroup of the global symmetry group is realised as a gauge symmetry.
In the last decade a unified framework to describe gauged supergravities has been developed, the so-called embedding tensor formalism [1] [2] [3] . It has been very successful when it comes to study and classify gauged supergravities in a covariant and systematic way, especially in the cases of maximal [4] and half-maximal [5] supergravities in four dimensions.
Furthermore, the connection between this formalism and string theory realisations has been investigated both for N = 4 in e.g. [6] [7] [8] and for N = 8 in e.g. [9] [10] [11] . However, the link between these two cases has received far less attention and indeed some discrepancies seem to appear when matching up different results in the literature.
An example of this already occurs when studying simple type IIA toroidal orientifolds including O6-planes and D6-branes (parallel to the O6-planes) together with gauge and geometric fluxes [7] . From the string viewpoint, these compactifications generically give rise to half-maximal supergravities since the O6/D6 sources already break half of the supersymmetries. Even so, an embedding into a maximal supergravity theory could be possible provided that the flux-induced tadpole for the R-R gauge field C 7 that couples to the O6/D6 sources vanishes. Surprisingly enough, this turns out to happen for the supersymmetric AdS 4 solutions of these type IIA orientifold models [7] and it has been further extended to the entire set of AdS 4 solutions in ref. [12] . In consequence, one would expect them to actually be solutions of a maximal supergravity theory.
Switching over to the description of the above type IIA orientifolds as half-maximal gauged supergravities, they can be completely classified according to the embedding tensor parameter f αM N P ∈ SL(2) × SO(6, 6) ,
where
. The indices α = ± and M = 1, . . . , 12 respectively denote SL(2) and SO (6, 6) vector indices of the global symmetry group G = SL(2) × SO (6, 6) .
Besides the consistency conditions imposed by half-maximal supergravity, the f -tensor has been conjectured to also satisfy
for these type IIA orientifolds to admit an embedding into maximal supergravity [11] . In other words, they would correspond to the consistency conditions imposed by maximal supergravity. A consequence of the second condition in (2) is the vanishing of total D3-brane charge, which indeed is a necessary condition for maximal supersymmetry.
At this point a string / supergravity puzzle arises since the second condition in (2) is not satisfied by the AdS 4 type IIA solutions found in refs [7, 12] , which we expected to be embeddable in a maximal supergravity theory. Even more, the existence of these AdS 4
solutions is directly related to the non-vanishing of a term in the scalar potential of the form
accounts for the SO(6, 6) scalars of the theory. In the type IIA orientifolds we are discussing, this term is sourced by the geometric flux and moreover is needed in order to fix the SO(6, 6) scalars of the theory. This term is present in halfmaximal supergravity but, according to the second condition in (2), it will no longer be present in maximal supergravity, hence ruling out the AdS 4 solutions. How can this puzzle be resolved?
Motivated by this puzzle, we have worked out the embedding of a half-maximal supergravity theory into a maximal one in four dimensions. One of the outcomes of the computation is that the second condition in (2) -which represents a six-form of SO(6, 6) -has to be relaxed to
where the label SD stands for the self-dual part. In contrast, the anti-self-dual (ASD) part still contributes to the scalar potential,
exactly as it has to in order to recover the AdS 4 solutions of the type IIA orientifolds. This resolves the apparent contradiction. A number of examples of such truncations were discussed in e.g. refs [13, 14] , highlighting the fact that electric gaugings of N = 8 give rise to dyonic gaugings of N = 4 (in the usual duality frames). With the present more general discussion, we hope to fill in a gap in the literature of extended supergravity and contribute to a better understanding of the link between gauged supergravities and flux compactifications of string theory. The organisation of this note is as follows. We first discuss the truncation from maximal to half-maximal supergravity stressing the essential role played by the fermionic representations in the decomposition of the E 7(7) tensors of maximal supergravity under the SL(2)×SO (6, 6) global symmetry of half-maximal supergravity. As a consequence the linear constraint on N = 8 and the quadratic constraint on N = 4 will arise. Subsequently, we present the truncation of the scalar sector and demonstrate that this relates the scalar potentials of both theories. We finally offer our closing remarks. The appendix collects some notation and conventions about Majorana-Weyl spinors of SO (6, 6) .
Truncating maximal supergravity
In this section we work out the truncation from maximal (N = 8) to half-maximal (N = 4) supergravity in four space-time dimensions. Our departure point is the maximal gauged supergravity framework developed in ref. [4] . According to it, the theory can only be deformed by applying gaugings, namely, promoting some subgroup G 0 of the global symmetry group 1 G = E 7(7) to a local group. The set of possible gaugings of maximal supergravity is completely characterised by the embedding tensor parameter Θ M I , where M = 1, . . . , 56 and I = 1, . . . , 133 refer to the fundamental and the adjoint representations of E 7 (7) respectively. The embedding tensor determines the way in which the generators X M of the gauge group G 0 are embedded into the E 7(7) generators t I . More specifically,
where (at most) 28 out of the 56 vectors X M are linearly independent and enter the gauging of the maximal supergravity [4] . The gauge algebra spanned by the vectors X M is written
where the structure constants (charges) induced by the gauging are built using the t I generators in the fundamental representation,
As explained in ref. [4] , the Sp(56, R) invariant skew-symmetric matrix Ω MN can be used in order to raise and lower E 7(7) ⊂ Sp(56, R) fundamental indices. From now on, we will adopt the NorthWestSouthEast (NW-SE) conventions [16] , e.g.
In order to truncate from maximal to half-maximal supergravity we are making use of the decomposition (branching) of different E 7 (7) representations under the SL(2) × SO (6, 6) symmetry of half-maximal supergravity. Of special interest are
where 32 and 32' respectively denote left-and right-handed Majorana-Weyl (M-W) spinorial 1 The present results can straightforwardly be extended to include the trombone gauging of ref. [15] .
representations of SO (6, 6) and similarly for the other spinorial irrep's 2 . The decomposition of the 56 in (8) amounts to the index splitting M = (α, M ) ⊕ µ , where α = ± is an electricmagnetic SL(2) index, M = 1, . . . , 12 refers to an SO(6, 6) vector index and µ = 1, . . . , 32 denotes a M-W left-handed fermionic index. Analogously, an indexμ = 1, . . . , 32 will denote a M-W right-handed spinor. To carry out the truncation one has to apply a discrete
under which different SL(2) × SO(6, 6) indices acquire a parity. In particular, the bosonic indices α and M are even whereas the fermionic indices µ andμ become odd. Keeping only states which are parity even will truncate from maximal to half-maximal supergravity [10] .
As a result, the skew-symmetric Ω MN matrix becomes block-diagonal with bosonic and fermionic blocks
It is worth observing that the bosonic part involves the Levi-Civita tensor αβ (with +− = 1) associated to the SL(2) factor as well as the SO(6, 6) metric η M N , whereas the fermionic part only contains the SO(6, 6) invariant antisymmetric matrix C µν .
The truncation of the charges X MN P is more subtle. The reason is that they are restricted to sit in the same representation than the embedding tensor Θ M I , namely the 56 × 133 , and furthermore in the 912 irrep of 56 × 133 = 56 + 912 + 6480 because of supersymmetry [4] . Noticing that 133 sits inside (56 × 56) s , this implies the chain
This sequence of restrictions on representations can be rephrased in terms of projectors P
and P (912) and hence translates into a set of linear constraints upon X MN P . In addition to these representation constraints, a set of quadratic constraints remains to be imposed coming from the consistency of the gauge algebra in (7). We will now seperately discuss the linear and quadratic constraints.
2 Notice that the 462' irrep in (11) denotes the SD six-form, which can be built out of right-handed spinor bilinears. See the appendix for conventions about M-W spinorial irrep's of SO (6, 6) . 3 In a string theory realisation of maximal supergravity, this Z 2 -projection corresponds to orientifolding the theory.
The linear constraints
In the truncation to the half-maximal supergravity of ref. [5] , the charges X MN P must be completely specified in terms of the embedding tensor parameters ξ αM ∈ (2, 12) and
220) which are purely bosonic and hence parity even with respect to the Z 2 -projection. In other words, the components of the embedding tensor sitting in the (1, 352') and (3, 32) irrep's in the 912 decomposition of (10) are parity odd and are projected out. However, this by no means implies that the charges have to be purely bosonic as well. In fact, components of the sorts X αM βN γP , X αM µν , X µναM and X µαM ν turn out to be parity even and hence will survive the Z 2 -projection.
Let us start by making the most general antsatz for the X MN P charges compatible with symmetry in the last two indices, i.e. they sit in the 56 × (56 × 56) s . Due to the definition in (6), the charges depend linearly on the embedding tensor parameters. In terms of the ξ αM and f αM N P components which are invariant under the Z 2 -projector, and hence survive the truncation, they take the form of
where c's and d's are constant coefficients to be fixed in the following by imposing representation constraints.
First of all, the charges must sit in the 56 × 133 . Imposing this amounts to require invariance under the action of a P (133) projector
that keeps only the 133 in the decomposition (56 × 56) s = 133 + 1463 . The expression for this projector reads P
where K IJ denotes the inverse of the Killing-Cartan metric
which, in turn, also depends on the [t I ] MN symmetric generators of E 7(7) in the fundamental representation. By virtue of the branching (9), the general form of the generators is given
The normalisation of these generators is irrelevant for the present purposes as it drops out of the definition of the projector. The ratio between the two representations of the generator t αM βN , however, is important and can be fixed by requiring the two representations to satisfy the same commutation relation. Using the above form of the E 7(7) generators, the KillingCartan metric (18) comes out with a block diagonal structure
with non-vanishing components
The inverse of the Killing-Cartan metric is then also block-diagonal with non-vanishing
Plugging the above results into the definition of the P (133) projector in (17) , its components take the simple form of
4 In the computation of the inverse we have taken [t αβ ] γδ = δ 
of the SL(2) and SO(6, 6) Killing-Cartan metrics.
Applying it to the charges and requiring (16), we find that
Finally we still have to impose that the charges X MN P live in the 912. The expression for the P (912) projector acting on the embedding tensor Θ M I can be found in ref. [2] .
However we are interested in the constraints it imposes on the charges. These happen to be [4] X (MN P) = 0 and
and translate into additional relations between the coefficients
all of them coming from the first condition in (26). This determines the charges in (15) up to a global size of the SO(6, 6) and the SL(2) embedding tensor parameters. These two global sizes can be set in order to reproduce the conventions in ref. [5] .
The final outcome is then given by
This specifies the relation between the embedding tensor components of half-and maximal supergravity. Only tensors in the 912 of this specific form allow for a truncation to N = 4.
At this point we want to stress that the components ξ αM and f αM N P in the truncated theory will necessarily source fermionic components of the charges -X αM µν and X µαM ν = X µναM by means of contractions with γ-matrices -whenever half-maximal is embedded into maximal supergravity. As we will see later on, these fermionic components also contribute to the scalar potential of the theory and hence they have to be included in order to consistently truncate from maximal to half-maximal supergravity.
For future use it will be convenient to also give the Θ-components of the embedding tensor. Using (6) and the E 7(7) generators in (19), these are given by
The quadratic constraints
The closure of the gauge algebra in (7) imposes additional constraints on the charges of the maximal supergravity theory. These are quadratic constraints which can be written as
so they sit in the (133 × 133) a = 133 + 8645 irrep's of the E 7(7) symmetry group of maximal supergravity [4] . By virtue of the truncation to half-maximal supergravity, we expect the quadratic constraints solely to furnish the parity even irrep's appearing in the decompositions (9) and (11) . These are
Plugging the expression for the charges in (28) -or identically the one for the embedding tensor in (29) -and for the Ω-matrix in (13) inside the quadratic constraints of (30), one rediscovers the set of quadratic constraints of half-maximal supergravity plus two additional ones which then tell us which is the subset of N = 4 gaugings which can be viewed as truncations of an N = 8 theory. The former set of quadratic constraints was derived in ref. [5] and consists of the conditions
ii) ξ
which correspond with the following irrep's of the SL(2)×SO(6, 6) symmetry of half-maximal supergravity,
By matching up the irrep's in (38) and (39) with those given in (31) and (32), one realises that the two extra conditions to be imposed on f αM N P and ξ αM in order to describe a truncation from maximal supergravity must correspond with the (3, 1) and (1, 462') irrep's both coming from (32). Indeed, they respectively turn out to be
where the second condition just picks out the self-dual (SD) part of the whole SO(6, 6)
. This feature stems from the fact that the six-form gets contracted with the [γ M N P QRS ]μν matrix -which turns out to be SD in the case of the SO(6, 6) group, see the appendix for more details -during the computation of the quadratic constraints.
The scalar sector
We now turn to the truncation of the scalar sector from maximal to half-maximal supergravity by applying the Z 2 -projection introduced in the previous section. Its action on the coset geometry of maximal supergravity,
reduces the number of scalar fields in the truncated theory from 70 to 38 . The parameterisation of the E 7(7) /SU(8) coset is given by a symmetric M MN matrix which, after the truncation to half-maximal supergravity, becomes block-diagonal,
with a bosonic M αM βN and a fermionic M µν block. The former contains the SL(2) and the SO(6, 6) scalars M αβ and M M N of half-maximal supergravity whereas the latter now involves a contraction with the [γ M N P QRS ] µν ASD matrix. This time it is contracted with the SO(6, 6) six-form
where V denotes an SO(6, 6)/SO(6) × SO(6) Zwölfbein such that M = V V T and the index m only runs over the six time-like directions [5] . At the origin of the moduli space one
is worth noticing here that the symmetric B µν matrix [16] is the correct one in order for the origin of the moduli space to be invariant under the action of the compact part of the symmetry group in half-maximal supergravity, i.e. SO(2) × SO(6) × SO(6) .
Let's have a look at the effect of the above decomposition on the kinetic terms of the scalar sector. In particular, the E 7(7) kinetic terms give rise to the following, upon insertion of (42),
It is worth mentioning that the fermionic block contributes to (∂M M N ) 2 such that both the SL(2) and SO(6, 6) kinetic terms are reproduced with the correct normalisation.
A final check of our results is to see whether the scalar potentials, which are completely specified in terms of the embedding tensor for both theories, also naturally relate to each other. The scalar potential in maximal supergravity takes the form [4]
Plugging the expression for the embedding tensor and the parameterisation of the scalars in the truncated theory, one correctly reproduces the scalar potential of half-maximal supergravity. The general form of the latter is given by [5] 
After a straightforward but tedious calculation 7 , we have explicitly checked that indeed the N = 8 truncation gives rise to this scalar potential, of course modulo the additional quadratic constraints in (40). For this reason, the term that is independent of SO (6, 6) scalars is in fact not present, and the term that is independent of SL(2) scalars involves only the anti-self-dual part of the SO(6, 6) six-form.
Concluding remarks
In the present paper we have addressed the issue of how to consistently truncate from maximal to half-maximal supergravity in four space-time dimensions. In particular, we have 7 It turns out to be crucial for calculational efficiency to first express V in terms of Θ rather than X before carrying out the γ-matrix manipulations.
shown that spinorial components of the embedding tensor of the maximal theory are crucial when truncating to the half-maximal theory. This is a consequence of the linear constraints encoded in (28). The natural interpretation of this constraint is that this corresponds to retaining only the parity even components of the 912 of E 7 (7) . Similarly, we have found that N = 4 theories can only be embedded in N = 8 if they satisfy the two additional quadratic constraints (40). A natural question is what these additional conditions correspond to.
Using the dictionary between the embedding tensor and fluxes [8] , it can be seen that the (1, 462') includes a component of the form
where F mnp and H mnp are the R-R and NS-NS three-form internal fluxes of IIB compactifications. Therefore this corresponds to the tadpole condition imposing the vanishing of the total D3-brane charge. Other components of the same irrep impose the absence of net charges of duality related branes. It would be interesting to investigate which other branes fill up the SL(2) × SO(6, 6) orbit of the D3-brane 8 . Similarly, it remains to be seen whether the (3, 1) additional quadratic constraint also corresponds to a tadpole condition or whether it has some other interpretation. We hope to come back to these issues in the future.
and antisymmetry properties of gamma matrices, we introduce two antisymmetric objects, C ab and C ab , which turn out to represent the components of the charge conjugation matrix and its inverse transpose respectively. We will use these objects in order to raise and lower spinorial indices according to the so-called NorthWest-SouthEast (NW-SE) conventions [16] .
This translates into the following prescriptions
As explained in ref. [16] , the consistency of the two rules presented above implies
and C ba C bc = δ
All the antisymmetrised products of two gamma matrices can be defined remaining either within the 32 or the 32' in the following way
As a consequence, one can generalise the above definitions to an antisymmetrised product of an even number of gamma matrices, objects which appear often in the present paper.
Moreover, one can show that in this type of representation
and similarly for the dotted case but with the opposite sign. This means that the only independent irrep's of SO(6, 6) which can be constructed by means of antisymmetrised products of gamma matrices are all the p-forms up to degree six, the higher-degree ones from 7 to 12
being just related to them by Hodge duality. In particular the antisymmetrised product of six gamma matrices turns out to be anti-selfdual (ASD) when involving undotted indices and self-dual (SD) when involving dotted indices. After defining all products of gamma matrices, one can make use of C µν , Cμν and their inverse transpose in order to write those objects with two upper or two lower indices. After doing this, one realises that antisymmetrised products of two and six gamma matrices are symmetric, whereas the ones with four are antisymmetric.
